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Abstract
We analyze the large N supergravity descriptions of the class of type IIB models
T-dual to elliptic type IIA brane configurations containing two orientifold 6-planes
and up to two NS 5-branes. The T-dual IIB configurations contain N D3-branes in
the background of an orientifold 7-plane and, in some models, a ZZ2 orbifold and/or
D7-branes, which give rise to four-dimensional N = 2 (or N = 4) gauge theories
with at most two factors. We identify the chiral primary states of the supergravity
theories, and match them to gauge invariant operators of the corresponding super-
conformal theories using Maldacena’s duality.
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1 Introduction
Maldacena’s duality conjecture [1]–[4] relating string theories on AdS space to conformal field
theories on its boundary has proved to be extremely fruitful. The original conjecture involved
the N = 4 supersymmetric SU(N) gauge theory on the worldvolume of N D3-branes. In the
large N limit, the near-horizon geometry of the D3-branes is AdS5 × S
5. Additional structures
may be added to the background, leading to generalizations of the original proposal, where
the worldvolume theory of D3-branes probing orbifold/orientifold backgrounds may be derived
systematically using string-theoretic methods [5, 6].
Orbifold theories that correspond to projections of the N = 4 SU(N) theory by a discrete
subgroup Γ of the SU(4) R-symmetry group have been considered in Refs. [7]–[10]. The resulting
conformal field theories have either N = 0, 1, or 2 supersymmetries, and the gauge group is
generically of the form
∏
i
U(Ni). They are known to be dual to IIB string theory on AdS5×S
5/Γ.
The near-horizon description of conformal field theories arising from D3-branes in orientifold
backgrounds has been considered in Refs. [11]–[16]. The resulting field theories are dual to string
1
theory on AdS5 × S
5/Gorient, where the geometric part of the orientifold group Gorient is again
a discrete subgroup of SU(4)R.
In this paper, we analyze the large N supergravity descriptions of the type IIB models T-dual
to a class of elliptic type IIA brane configurations. This class of models contains two orientifold
six-planes, N D4-branes, (possibly) D6-branes, and at most two NS 5-branes. The T-dual IIB
configurations contain N D3-branes in the background of an orientifold 7-plane and (possibly)
a ZZ2 orbifold and/or D7-branes. The four-dimensional theories arising from the worldvolume
dynamics of these configurations are N = 2 (or N = 4) superconformal gauge theories with
simple gauge groups, or product groups with at most two factors. (The supergravity descriptions
of the models in Sect. 3.1, 3.2, and 3.4 of this paper have been previously treated in Refs. [12]-
[15], and are included here so that comparisons can be made among this entire class of elliptic
models.)
In Sect. 2, we review the details of the IIA and IIB configurations for this class of theories.
The largeN supergravity description of these models is the subject of Sect. 3, in which we identify
the spectrum of relevant and marginal chiral primary states belonging to each of these theories.
The AdS/CFT correspondence is used to match the chiral primary states of the supergravity
description to gauge invariant operators of the corresponding superconformal theories.
Seiberg-Witten curves [17] for the Coulomb branch of the elliptic models considered in this
paper have previously been obtained using M-theory methods [18]–[22]. These constructions
involve deformations of the N = 4 superconformal field theories, in which the hypermultiplets
are massive. A direct connection between the Seiberg-Witten and AdS/CFT descriptions of
elliptic models is not yet evident, although the AdS/CFT correspondence has recently been
generalized to non-conformal theories arising from relevant deformations [23, 24].
2
2 Description of the models
2.1 Type IIA configurations
We begin by reviewing the configurations in Type IIA string theory that lead to orientifold
elliptic models [18]–[22]. These configurations consist of NS 5-branes along 012345, D4-branes
along 01236, D6-branes along 0123789, and orientifold six-planes (O6-planes) parallel to the
D6-branes. The D4-branes have finite extent along x6, which is taken to be compact. This
brane configuration generically leaves 1/4 of the original supersymmetries unbroken, so the
effective four-dimensional theory living on the 0123 directions of the D4-branes has N = 2
supersymmetry.
Since the x6 direction is compact, there are two O6-planes. As O6-planes carry ±4 units of
RR charge (the corresponding planes will be denoted O6±), there are a priori three possibilities
to consider: O6+–O6+, O6−–O6−, and O6+–O6−. The first possibility cannot be realized
without breaking supersymmetry, as cancellation of RR charge in the compact direction would
require the introduction of anti D6-branes; we will not consider it further. The second possibility
can be realized without breaking supersymmetry, which requires the presence of 4 D6-branes
(plus mirrors) to ensure the cancellation of the RR charge; this condition is equivalent to the
finiteness of the low-energy field theory on the D4-branes. Finally, in the third possibility, the
cancellation of RR charge (or, equivalently, finiteness of the field theory) requires the absence
of D6-branes. In this paper, we will be studying two different classes of models, corresponding
to the configurations O6−–O6− (plus D6-branes) and O6+–O6−.
Spectra
The spectra of the effective field theories realized on the above configurations depends critically
on the number and positions of the NS 5-branes. In this work we restrict ourselves to models
with at most two NS 5-branes, corresponding to elliptic models with simple gauge groups or
product gauge groups with no more than two factors.
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Figure 1: The three models with one NS 5-brane. The short vertical lines | represent the NS 5-branes,
the crossed circles ⊗ are the orientifold planes, while the crosses × denote the D6-branes, when present.
D4-branes (not shown) extend along x6. The brane configurations must be invariant under the orientifold
ZZ2 symmetry inverting 456.
1.a): SO(N) + adjoint.
1.b): Sp(2N) + adjoint.
1.c): Sp(2N) + + 4 .
Figure 1 depicts the three possibilities for models with a single NS 5-brane. The O6+–O6−
configurations in Figs. 1.a and 1.b give rise to an N = 4 gauge theory with gauge groups SO(N)
and Sp(2N) respectively,1 or equivalently, an N = 2 vector multiplet coupled to a massless
hypermultiplet in the adjoint representation of the gauge group. The O6−–O6− configuration
in Fig. 1.c gives rise to an N = 2 gauge theory with gauge group Sp(2N) coupled to a hyper-
multiplet in the antisymmetric representation and four hypermultiplets in the fundamental
representation of the gauge group.
O6-
O6-
2.a) O6-
O6-
2.b)
Figure 2: The two models with two NS 5-branes in an O6−–O6− background.
2.a): SU(N) + 2 + 4 .
2.b): Sp(2N)1 × Sp(2N)2 + ( 1 , 2) + 2 1 + 2 2.
1Our convention is that Sp(2N) has rank N , so Sp(2) ≡ SU(2).
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Figure 2 depicts models with 2 NS 5-branes in an O6−–O6− background. There are two
possibilities, depending on whether the NS 5-branes intersect the O6-planes or not. If the NS
5-branes intersect the O6-planes, we have the model in Fig. 2.a, which gives rise to an N = 2
theory with gauge group SU(N), two hypermultiplets in the antisymmetric representation
and four hypermultiplets in the fundamental representation. On the other hand, if the NS
5-branes do not intersect the O6-planes (Fig. 2.b), we obtain an N = 2 theory with gauge
group Sp(2N)×Sp(2N), a hypermultiplet in the bifundamental ( , ) representation, and two
hypermultiplets in the fundamental representation of each of the two factors. In this case
the NS 5-branes are free to move along x6 (while respecting the symmetry x6 → −x6). This
motion corresponds to a marginal deformation changing the relative value of coupling constants
of the Sp(2N) factors in the field theory on the D4-branes. Similarly, the motion of the NS
5-brane in the (hidden) eleventh direction x10 changes the relative value of the theta angles of
the Sp(2N) factors. (The average value of the coupling constants and theta angles is encoded in
the M-theory description in the complex structure of the torus defined by the compact directions
x6 and x10. Changing this complex structure – that is, the relative values of the radii R6 and
R10 – corresponds to a second pair of marginal deformations in the field theory.)
O6+
O6-
3.b)O6+
O6-
3.a)
Figure 3: The two models with two NS 5-branes in an O6+–O6− background.
3.a): SU(N) + + .
3.b): Sp(2N)× SO(2N + 2) + ( , ).
Figure 3 depicts models with 2 NS branes in an O6+–O6− background. As in the previous
case, there are two possibilities to consider. The first one (Fig. 3.a) gives rise to an N = 2
theory with gauge group SU(N), a hypermultiplet in the symmetric representation , and a
second hypermultiplet in the antisymmetric representation . In the second possibility (Fig.
3.b) we obtain an N = 2 theory with gauge group Sp(2N)× SO(2N + 2) and a hypermultiplet
in the bifundamental ( , ) representation, where the ranks of the factor groups are fixed by
5
the finiteness of the theory. As in the Sp(2N) × Sp(2N) case, the NS 5-branes are free to
move along the x6 and x10 directions, the motions corresponding in the field theory to marginal
deformations changing the relative couplings and theta angles of the Sp(2N) and SO(2N + 2)
factors.
In all the cases discussed above, the beta functions for all the gauge groups vanish exactly.
2.2 Type IIB configurations
The T-dual type IIB description of the previous models has been systematically discussed by
Park and Uranga [20] (see also Ref. [21]), so we will limit ourselves to a brief summary of
results, and refer the reader to the above papers for further details and references. In the T-
dual description, all the above models are realized as the low-energy effective theory on a stack
of type IIB D3-branes probing a certain mixed orbifold-orientifold background whose details
depend on the original type IIA model. As a general rule, T-duality along x6 maps NS 5-branes
stretched along 012345 to a ZZorbk orbifold acting on 6789, where k is the total number of NS
5-branes (counting mirrors) present in the type IIA configuration. The O6-planes become a
single O7-plane, and the D6-branes, when present, become IIB D7-branes.
Let us now consider in turn the T-dual descriptions of the type IIA configurations shown in
each of the figures above.
1.a-b) For the general case of k NS 5-branes in an O6+–O6− background, Park and Uranga
[20] (see also Ref. [25]) have given the T-dual description as a stack of D3 branes probing an O7
background with the orientifold group
Gorient = ZZ
orb
k + ZZ
orb
k αΩ
′, (2.1)
where the ZZorbk generator θ acts on z1 = x
6 + ix7 and z2 = x
8 + ix9 as
z1
θ
→ e2πi/kz1, z2
θ
→ e−2πi/kz2, (2.2)
and α2 = θ. Also, Ω′ = ΩR45(−1)
FL , where Ω is the world-sheet parity operation, R45 is a
reflection in 45, and (−1)FL changes the sign of the Ramond sector of left-movers. Orientifold
projections of this kind have been studied in Refs. [25]-[27].
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In figures 1.a and 1.b, there is only a single NS 5-brane (k = 1), so that the ZZorbk orbifold is
trivial (θ = 1). However, α = θ1/2 ≡ R6789, so eq. (2.1) becomes
Gorient = {11, R6789Ω
′} = {11,ΩR456789(−1)
FL}. (2.3)
This is actually the orientifold group of an O3-plane extending along 0123 (parallel to the
probe D3-branes), precisely the setup considered in Refs. [11, 12]. Although the two different
IIA configurations in figs 1.a and 1.b appear to give rise to the same IIB configuration, these
configurations are actually distinguished by the background values of the two-form fields [12].
1.c) The T-dual of the configuration with k NS 5-branes in an O6−–O6− background con-
tains D3-branes probing an O7-plane background with the orientifold group
Gorient = ZZ
orb
k + ZZ
orb
k Ω
′, (2.4)
with ZZorbk and Ω
′ as defined above [20]. Orientifold projections of this kind have been considered
in [5, 25, 26, 28] for the realization of six-dimensional theories.
In figure 1.c, k = 1, so the ZZorbk orbifold is again trivial, yielding the orientifold group
Gorient = {11,ΩR45(−1)
FL}, (2.5)
which corresponds to an O7-plane extending along 01236789. The background also contains 4
D7-branes (plus mirrors) parallel to the O7-plane, which give rise to the fundamental hypermul-
tiplets of the field theory on the probe D3-branes.
2.a-b) Figure 2 contains two NS 5-branes, so that the T-dual configuration consists of a
stack of D3-branes in the background of the orientifold (2.4) with k = 2:
Gorient = ZZ
orb
2 + ZZ
orb
2 Ω
′, (2.6)
where ZZorb2 acts as (z1, z2) → (−z1,−z2), with z1, z2 as above. The corresponding O7-plane
extends along 01236789, and the background also includes 4 D7-branes (plus mirrors). Again
we find that two different IIA configurations lead apparently to the same IIB configuration. In
fact, the IIB descriptions of models 2.a and 2.b are distinguished by the action of the orientifold
projection Ω′ on the twisted sectors of the ZZorb2 orbifold, and by the action of the ZZ
orb
2 orbifold
projection on the D7 brane states. As pointed out in Ref. [20], and previously discussed in
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connection with Type I and six-dimensional IIB models T-dual to those considered here [28, 29,
30], Ω′ acts with an additional minus sign on the ZZorb2 twisted sector of model 2.b (corresponding,
in the Type I context, to models with vector structure; the other possibility, leading to model
2.a, being related in the Type I context to models without vector structure [27].) Equivalently,
there are two alternative (and inequivalent) choices for the Chan-Paton factors, each of which
corresponds, in the type IIB context, to each of the Type IIA configurations [20].
3.a-b) In figure 3, there are two NS branes (k = 2), so the orientifold group (2.1) becomes
Gorient = ZZ
orb
2 + ZZ
orb
2 αΩ
′, (2.7)
where ZZorb2 = {11, α
2} with α2 = R6789. As in the previous case, both IIA configurations lead to
the same orientifold projection in the Type IIB description, but exactly as above, Ω′ acts with
an additional minus sign on the ZZorb2 twisted sector of model 3.b.
type IIA type IIB Gauge theory
Orientifold Group
O6+–O6− with 1 NS5 Sp(2N)+ adjoint
{11, R6789Ω
′} or
(1.a-b) = {11,ΩR456789(−1)
FL} SO(N)+ adjoint
O6−–O6− with 1 NS5
{11,ΩR45(−1)
FL} Sp(2N)+ + 4
(1.c)
O6−–O6− with 2 NS5 SU(N)+ 2 + 4
ZZ
orb
2 + ZZ
orb
2 Ω
′ or
(2.a-b) Sp(2N)1 × Sp(2N)2 + ( 1, 2) + 2 1 + 2 2
O6+–O6− with 2 NS5 SU(N) + +
ZZ
orb
2 + ZZ
orb
2 αΩ
′ or
(3.a-b) Sp(2N) × SO(2N + 2) + ( , )
Table 1: Comparative geometries.
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3 Supergravity descriptions in the large N limit
When the number of probe D3-branes is large, the superconformal theories propagating in the
world-volume of the brane configurations are conjectured to be dual to type IIB supergravity (or
string theory) on a space containing an AdS5 factor. The original formulation of the conjecture
[1]–[4] related the N = 4 SU(N) gauge theory to type IIB supergravity on AdS5 × S
5. The
spectrum of type IIB supergravity on AdS5×S
5 falls into representations of the SO(6) isometry
group of S5 [31], which corresponds to the SU(4)R R-symmetry of the N = 4 theory. There are
three scalar families in the supergravity spectrum containing states with zero or negative mass,
summarized in Table 2 (adapted from Ref. [13]):
∆ m2 Range Dynkin Label SU(4)R Type IIB origin
k k(k − 4) k ≥ 2 (0, k, 0) 20′, 50, 105, . . . graviton + 4-form
k + 3 (k − 1)(k + 3) k ≥ 0 (0, k, 2) 10, 45, 126, . . . 2-forms
k + 4 k(k + 4) k ≥ 0 (0, k, 0) 1, 6, 20′, . . . dilaton/axion
Table 2: Scalar families of IIB supergravity on AdS5 × S
5 containing m2 ≤ 0 states [31].
Here m2 = (∆− p)(∆+ p− d) for a p-form state on AdSd+1 with AdS mass m coupling (in the
sense of Witten [3]) to an operator of dimension ∆ of the boundary N = 4 theory. There is also
one family of vector fields that contains massless states (at level k = 1 in Table 3).
∆ m2 Range Dynkin Label SU(4)R Type IIB origin
k + 2 (k − 1)(k + 1) k ≥ 1 (1, k − 1, 1) 15, 64, 175, . . . graviton + 4-form
Table 3: Vector families of IIB supergravity on AdS5 × S
5 containing m2 = 0 states[31].
These k = 1 massless vector states transform in the adjoint of SU(4)R and couple to the SU(4)R
R-symmetry currents (with ∆ = 3) of the N = 4 theory.
In section 2, we described a number of N = 4 or N = 2 superconformal theories propagating
in the world-volume of brane configurations involving orientifold planes. These theories are
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conjectured to be dual to type IIB supergravity on AdS5×S
5/Gorient, where the orientifold group
Gorient depends on the specific model [11]–[16] [4]. The spectrum of this supergravity background
will include (i) the KK reduction of ten-dimensional type IIB theory on AdS5 × S
5/Gorient
(obtained by a Gorient projection of the AdS5 × S
5 states), and (ii) states (invariant under
Gorient) in sectors supported on AdS5×Y , where Y ⊂ S
5/Gorient is the fixed-point set of Gorient.
If the fixed-point set is empty (as, for example, in the N = 4 SO(N) and Sp(2N) theories), the
spectrum of the theory only contains states in (i), and is a subset of the AdS5 × S
5 spectrum.
An alternative approach [14], which we will not follow in this paper, is to derive the part of the
spectrum coming from the AdS5 supergravity modes by diagonalizing the linearized equations
of motion of the supergravity fields on the compact space S5/Gorient. The equations for the
scalar modes turn out to be Laplace equations on S5/Gorient, easily written down once the
corresponding metric is known. In all the cases considered in this paper, the near-horizon limit
of the D3-brane metric is similar to the AdS5×S
5 solution (see for example [13], Eq. (13)), but
with the metric dΩ˜5
2 of the compact space S5/Gorient given by the angular part of
ds2S5/Gorient = |dz1|
2 + |dz2|
2 + |dw|2 = dr2 + r2dΩ˜5
2, (3.1)
where the coordinates z1 = x
6 + ix7, z2 = x
8 + ix9, w = x4 + ix5 are subject to various
identifications which depend on the form of Gorient.
3.1 Sp(2N) + adjoint, and SO(N) + adjoint
Let us start by reviewing the analysis of the N = 4 SO(N) and Sp(2N) theories, or equivalently,
N = 2 SO(N) and Sp(2N) theories with massless adjoint hypermultiplets. As we saw in Sect. 2.2,
the orientifold group Gorient is that of an O3-plane acting on the IR
6 transverse to the D3-branes
as
x4,5,6,7,8,9 → −x4,5,6,7,8,9. (3.2)
In the near horizon limit the geometry becomes AdS5 × S
5/ZZ2, where the geometric part of
the ZZ2 action on S
5 is the same as the action of (3.2) on the angular part of the transverse
IR6. Since S5 with such a ZZ2 action is actually IRP
5, the Sp(2N) and SO(N) theories are
dual to string theory on AdS5 × IRP
5 [12]. Further, the ZZ2 action has no fixed points on
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S5, so the supergravity spectrum is simply a truncation of that for the N = 4 SU(N) theory,
which can be easily determined as follows. The isometry group of S5 is SO(6) ≃ SU(4)R,
which is also the R-symmetry group of the N = 4 SU(N) theory. The coordinates x4,5,6,7,8,9
transform in the 6 of SU(4)R, so the ZZ2 action (3.2) is actually a ZZ4 in the center of SU(4)R
(it acts as i11 on the 4). In addition, the Ω(−1)FL piece of the orientifold group acts with an
additional minus sign on the states coming from the ten-dimensional second-rank antisymmetric
tensors, leaving all other states invariant. Therefore, the spectrum consists of those states in
Table 2 invariant under the combination of ZZ4 and Ω(−1)
FL , which are listed in Table 4 .
∆ m2 Range SU(4)R CFT Operator
2k 4k(k − 2) k ≥ 1 20′, 105, . . . tr (φ{I1 · · · φI2k})
2k + 3 (2k − 1)(2k + 3) k ≥ 0 10, 126, . . . ǫαβ tr (λαAλβB φ
{I1 · · ·φI2k}) + · · ·
2k + 4 4k(k + 2) k ≥ 0 1, 20′, . . . tr (F 2µνφ
{I1 · · ·φI2k}) + · · ·
Table 4: Scalars in chiral primary representations of N = 4 Sp(2N) and SO(N) [12, 4].
Ij is an index in the 6 of SU(4)R, and tr (φ
{I1 · · ·φI2k}) denotes the symmetric traceless
product of 6’s; e.g., tr (φ{IφJ}) = tr(φIφJ )− 1
6
δIJtr(φKφK).
3.2 Sp(2N) + 1 antisymmetric + 4 fundamental hypermultiplets
The N = 2 Sp(2N) theory with 1 antisymmetric and 4 fundamental hypermultiplets (all mass-
less) arises as the effective theory on N D3-branes probing the F-theory background first dis-
cussed by Sen [32]. This model has been much studied both from the field theory [33]–[35]
and dual supergravity [13, 14] viewpoints. The analysis of the AdS/CFT correspondence in
Refs. [13, 14, 20] is already very complete, so we limit ourselves to a brief review of the results.
In Sect. 2.2 we found the orientifold group to be
Gorient = {11,ΩR45(−1)
FL} ≃ ZZorient2 , (3.3)
where the geometric part of ZZorient2 acts on w = x
4 + ix5 as w → −w. The ZZorient2 action fixes
the hyperplane w = 0 (which corresponds to the classical positions of the O7-plane and the
D7-branes for the theory with massless fundamentals) in the six-dimensional space transverse
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to the D3-branes, which becomes S3 ⊂ S5 in the near-horizon geometry.
In the near-horizon limit the metric for the probe D3-branes looks like AdS5 × S
5/ZZorient2 ,
with the metric of the compact space given by
dΩ˜5
2 = dθ1
2 + cos2 θ1
(
dθ2
2 + cos2 θ2 dφ1
2 + sin2 θ2 dφ2
2
)
+ sin2 θ1 dφ3
2,
θ1,2 ∈ [0, π/2], φ1,2 ∈ [0, 2π], φ3 ∼ φ3 + π, (3.4)
where we have used the following parametrization:
z1 = r cos θ1 cos θ2 e
iφ1 , z2 = r cos θ1 sin θ2 e
iφ2 , w = r sin θ1 e
iφ3 . (3.5)
Notice that the ZZorient2 orientifold action (3.3) differs from that in the N = 4 Sp(2N) /SO(N)
case discussed in the previous subsection (so in this case S5/ZZorient2 6≃ IRP
5). More precisely,
the isometry group of S5 is SO(6) ⊃ SO(4) × SO(2), where SO(4) ≃ SU(2)L × SU(2)R is the
rotation group on C2 ∼ {z1, z2}, and SO(2) ≃ U(1)R is the rotation group on C ∼ {w}. The
geometric part of the orientifold group (3.3) acts only on U(1)R, identifying e
iφ3 with ei(φ3+π).
On the field theory side, SU(2)R×U(1)R/ZZ
orient
2 is the N = 2 R-symmetry group, while SU(2)L
is the flavor group of the hypermultiplet in the antisymmetric representation, as we will explain
further below.
The supergravity spectrum consists of (a) the ZZorient2 projection of the AdS5 × S
5 states,
plus (b) the contribution from the fixed-point set S3 ⊂ S5 of ZZorient2 , which is actually the
world-volume theory of 8 D7-branes wrapping S3 and filling the AdS5 factor.
(a) Bulk sector:
To find the ZZorient2 –invariant states of the AdS5 × S
5 spectrum, one decomposes the SU(4)R
representations in Table 2 into representations (dL, dR)qR of SU(2)L × SU(2)R × U(1)R, where
dL and dR are the dimensions of the SU(2)L and SU(2)R representations, and qR is the U(1)R
charge of the state, normalized such that w has qR = 2. (Table 5 lists the relevant branching
rules.) Each state gets a phase eiπqR/2 under Gorient, so the invariant states for representations
in the first and third lines of Table 2 are those with qR = 0 mod 4. The orientifold acts with an
additional minus sign on states in the second line of Table 2 because of the action of Ω(−1)FL on
the ten-dimensional two-form fields. Thus, for these states, the selection rule is qR = 2 mod 4.
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Of the surviving states, only those satisfying the relation [36]
∆ = 12
(
|qR|+ 2(dR − 1)
)
, (3.6)
where ∆ is the dimension of the corresponding operator in the CFT, are (dual to) chiral primaries
of the conformal field theory. The results are summarized in Table 6.
SU(4)R SU(2)R × SU(2)L ×U(1)R
(4) (2, 1)±1
(6) (1, 1)±2 + (2, 2)0
(10) (1, 3)2 + (3, 1)−2 + (2, 2)0
(15) (1, 1)0 + (3, 1)0 + (1, 3)0 + (2, 2)±2
(20’) (3, 3)0 + (2, 2)±2 + (1, 1)±4 + (1, 1)0
(45) (4, 2)−2 + (2, 4)2 + (2, 2)±2 + (3, 1)−4 + (1, 3)4 + (3, 3)0 + (3, 1)0 + (1, 3)0
(50) (4, 4)0 + (3, 3)±2 + (2, 2)±4 + (2, 2)0 + (1, 1)±6 + (1, 1)±2
(105) (5, 5)0 + (4, 4)±2 + (3, 3)±4 + (3, 3)0 + (2, 2)±6 + (2, 2)±2 + (1, 1)±8 + (1, 1)±4 + (1, 1)0
Table 5: Branching rules for SU(4)R → SU(2)R × SU(2)L ×U(1)R.
(b) D7-brane sector:
The spectrum of chiral primaries coming from the D7-branes consists of the KK reduction of the
eight-dimensional N = 1 vector multiplet [14], subject to the constraint (3.6). These states form
representations of the gauge group on the D7-branes, which becomes the flavor symmetry group
G7 of the hypermultiplets in the fundamental representation of the four-dimensional gauge group.
In the present case G7 = SO(8), as appropriate for an Sp(2N) theory with four hypermultiplets
in the fundamental representation. We postpone the detailed analysis of the D7-brane sector
until we study the SU(N) + 2 + 4 theory, and will just include the resulting chiral primary
states in Table 6.
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∆ Sector SU(4)R (dL, dR)qR SO(8)F m
2 CFT operator
2 bulk 20′ (1, 1)4 – −4 tr Φ
2
2 bulk 20′ (3, 3)0 – −4 tr [A(iJAj)J ]
2 D7 (1, 3)0 28 −4 Q
[IJQK]
3 bulk 10 (1, 3)2 – −3 trλ
2
3 bulk 50 (4, 4)0 – −3 tr [A(iJAjJAk)J ]
3 bulk 50 (2, 2)4 – −3 tr [AiJΦ
2]
3 D7 (2, 4)0 28 −3 Q
[IJAiJQ
K]
4 bulk 105 (1, 1)8 – 0 tr Φ
4
4 bulk 105 (3, 3)4 – 0 tr [A(iJAj)JΦ
2]
4 bulk 105 (5, 5)0 – 0 tr [A(iJAjJAkJAl)J ]
4 bulk 45 (2, 4)2 – 0 tr [λ
2AiJ ]
4 D7 (3, 5)0 28 0 Q
[IJA(iJAj)JQ
K]
Table 6 : Scalars with ∆ ≤ 4 in chiral primary representations of Sp(2N) w/ ⊕ 4 .
dR, dL denote the dimensions of the SU(2)R, SU(2)L representations; qR is the U(1)R
charge; i, j are SU(2)L indices, and I, J are SO(8)F indices.
The last column of Table 6 lists the CFT operators that correspond to the supergravity
states [13, 14]. These operators are written as products of fields of the perturbative Sp(2N)+
worldvolume theory, which contains an N = 2 vector multiplet in the adjoint representation, and
one antisymmetric and four fundamentalN = 2 hypermultiplets. Each of theseN = 2 multiplets
consists of several SU(2)R representations, with definite scaling dimension ∆. For example, the
vector multiplet contains the scalar field Φ, and the vector field Aµ, both in SU(2)R singlets,
and the Weyl fermions (λ, ψ) in an SU(2)R doublet. Those SU(2)R multiplets comprising the
chiral primary operators in Table 6 are listed in Table 7.
14
∆ Sp(2N) SU(2)L × SU(2)R ×U(1)R SO(8)F CFT field
3
2 adjoint (1, 2)1 1 λ
1 adjoint (1, 1)2 1 Φ
1 (2, 2)0 1 Ai
1 (1, 2)0 8 Q
I
Table 7 : SU(2)R multiplets in perturbative Sp(2N) w/ ⊕ 4
In all our tables, only the indices for the SU(2)L and SO(8)F symmetries are shown explicitly;
the space-time, gauge, and SU(2)R indices are implicit. The chiral primary operators are always
completely symmetric in SU(2)R indices, and only the highest component of the SU(2)R multiplet
is exhibited (e.g., λ for the doublet (λ, ψ)).
The flavor symmetry of the theory is SU(2)L×SO(8), where SU(2)L acts only on the antisym-
metric hypermultiplet, and SO(8) only on the four fundamental hypermultiplets. To understand
this, recall that Sp(2N) has only real and pseudo-real representations, which are therefore self-
conjugate. If va transforms in the fundamental representation of Sp(2N), then v¯
a = Jabvb
transforms in the conjugate (anti)fundamental representation, where a, b are 2N -valued Sp(2N)
indices and Jab is the invariant antisymmetric tensor of Sp(2N). Jab and its inverse, Jab, are
used to raise and lower Sp(2N) indices. An N = 2 hypermultiplet in the antisymmetric rep-
resentation of Sp(2N) consists of an N = 1 chiral superfield Aab = −Aba in the antisymmetric
representation, and a second chiral superfield A˜ab = −A˜ba in the conjugate antisymmetric rep-
resentation. The piece of the N = 2 superpotential involving these fields is
A˜abΦb
cAca, (3.7)
where Φb
c is a chiral superfield in the adjoint of Sp(2N). This superpotential has an obvious
U(1)L symmetry acting as A→ e
iαA, A˜→ e−iαA˜, Φ→ Φ, which is the expected flavor symmetry
of a single hypermultiplet. However, as the antisymmetric representation of Sp(2N) is self-
conjugate, we can actually define two chiral superfields A1ab ≡ Aab and A2ab ≡ JacJbdA˜
cd, both
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transforming in the antisymmetric representation. In terms of these new fields the superpotential
reads
JabA2bcΦ̂
cdA1da, (3.8)
where Φ̂cd = JacΦa
d is symmetric in c, d, as appropriate for the adjoint representation of Sp(2N).
Equation (3.8) is odd under exchange of 1 ↔ 2, so the superpotential actually possesses an
Sp(2) ≃ SU(2) symmetry acting on the doublet (A1, A2), which we can identify with the SU(2)L
flavor symmetry that emerges from the geometry.
A similar argument holds for hypermultiplets in other representations, as follows: given Nk
hypermultiplets transforming in a kth rank tensor representation of Sp(2N), the flavor symme-
try is enhanced to Sp(2Nk) if k is even, and to SO(2Nk) if k is odd (in the latter case, the
superpotential turns out to be symmetric under exchange of any pair of chiral superfields). For
example, if we have Nf hypermultiplets in the fundamental representation of Sp(2N), the flavor
group is SO(2Nf ). This result is actually an extension to the higher-rank case of what happens
in the N = 2 SU(2) + Nf ≃ Sp(2) + Nf theory discussed by Seiberg and Witten in the
second paper of [17].
3.3 SU(N) + 2 antisymmetric + 4 fundamental hypermultiplets
The N = 2 SU(N) theory with 2 antisymmetric and 4 fundamental hypermultiplets arises as the
world-volume theory on N D3-branes (extending along 0123) in a Type IIB brane configuration
in the space-time IR1,30123 × IR
2
45/ZZ
orient
2 ×C
2
6789/ZZ
orb
2 . The orientifold group is
Gorient = ZZ
orb
2 + ZZ
orb
2 Ω
′ = ZZorb2 × ZZ
orient
2 , (3.9)
where ZZorb2 = {11, R6789} and ZZ
orient
2 = {11, R45Ω(−1)
FL}. ZZorient2 fixes the hyperplane w = 0
(which corresponds to the classical position of the O7-plane and the 8 D7-branes, extending along
01236789), while ZZorb2 fixes the six-dimensional hyperplane z1 = z2 = 0 (which corresponds to
the classical position of the NS 5-branes extending along 012345 in the T-dual IIA configuration).
This fixed-point set of Gorient becomes S
1 ∪ S3 ⊂ S5 in the near-horizon limit.
In the near horizon-limit the space-time changes to AdS5 × S
5/(ZZorient2 × ZZ
orb
2 ), with the
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metric of the compact space given by
dΩ˜5
2 = dθ1
2 + cos2 θ1
(
dθ2
2 + cos2 θ2 dφ1
2 + sin2 θ2 dφ2
2
)
+ sin2 θ1 dφ3
2,
θ1,2 ∈ [0, π], φ1,2,3 ∼ φ1,2,3 + π, (3.10)
which is the angular part of the (flat) orbifold metric
ds2 = |dw|2 + |dz1|
2 + |dz2|
2 (3.11)
with the orbifold actions w
ZZ
orient
2−→ −w and (z1, z2)
ZZ
orb
2−→ (−z1,−z2). One way to derive this metric
is to observe that the T-dual of the two NS 5-branes is a two-center Taub-NUT space, which in
the limit where the centers coincide becomes the orbifold C26789/ZZ
orb
2 (see Ref. [16] for a related
discussion).
The rotation group of the six-dimensional space IR245/ZZ
orient
2 ×C
2
6789/ZZ
orb
2 transverse to the
D3-branes is
[
SU(2)L/ZZ
orb
2
]
× SU(2)R ×
[
U(1)R/ZZ
orient
2
]
⊂ SO(6). This is the only part of the
full global symmetry group of the worldvolume theory,
SU(2)R ×U(1)R︸ ︷︷ ︸
R−symmetry
× SU(2)L × U˜(1)L︸ ︷︷ ︸
flavor sym. of 2
× SU(4)F ×U(1)B︸ ︷︷ ︸
flavor sym. of 4
, (3.12)
that is manifest in the geometric description of the brane configuration. The SU(4)F × U(1)B
factor emerges as the gauge group on the D7-branes, while U˜(1)L emerges from the low-energy
dynamics of the twisted sector of ZZorb2 .
The supergravity spectrum consists of three sectors: (a) the bulk sector, consisting of AdS5×
S5 supergravity states invariant under ZZorb2 × ZZ
orient
2 , (b) the ZZ
orb
2 twisted sector, supported on
AdS5 × S
1, consisting of the KK reduction on S1 of the six-dimensional (2, 0) tensor multiplet,
modded out by ZZorient2 , and (c) the D7-brane sector, consisting of the world-volume theory of 8
D7-branes with topology AdS5 × S
3, modded out by ZZorb2 .
(a) Bulk sector:
The bulk spectrum is obtained from the IIB spectrum on AdS5 × S
5 (Tables 2 and 3) by
projecting onto states invariant under ZZorb2 ×ZZ
orient
2 . The orientifold breaks SO(6) ≃ SU(4)R →[
SU(2)L/ZZ
orb
2
]
× SU(2)R ×
[
U(1)R/ZZ
orient
2
]
. ZZorb2 coincides with the center of SU(2)L, so even-
dimensional representations are odd under ZZorb2 , while odd-dimensional representations are even.
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ZZ
orient
2 acts on fields with U(1)R charge qR as e
iπqR/2, with an additional minus sign for states
arising from ten-dimensional two-form fields. States must be invariant under both of these
actions.
(1) Scalar modes:
Consider, for example, the supergravity scalar mode with m2 = −4 in the 20′ of SU(4)R, which
couples to a ∆ = 2 operator on the boundary. Under the branching SO(6)→ SU(2)L×SU(2)R×
U(1)R, this representation decomposes as (see Table 5)
20′ → (3, 3)0 + (2, 2)2 + (2, 2)−2 + (1, 1)4 + (1, 1)−4 + (1, 1)0. (3.13)
ZZ
orb
2 projects out all the states in even-dimensional representations of SU(2)L, while only states
with qR = 0 mod 4 survive the ZZ
orient
2 projection. This leaves
(3, 3)0 + (1, 1)4 + (1, 1)−4 + (1, 1)0. (3.14)
Of these, only (1, 1)4 and (3, 3)0 satisfy the constraint ∆ = |qR|/2+dR−1 and thus correspond to
CFT chiral primaries with ∆ = 2. (The state (1, 1)−4, which also satisfies the above constraint,
is the complex conjugate of (1, 1)4, and is thus an antichiral primary field.)
There are two modes with m2 = −3, in the 10 and the 50 of SU(4)R, which couple to ∆ = 3
operators on the boundary. The 50 decomposes into
50→ (4, 4)0 + (3, 3)±2 + (2, 2)±4 + (2, 2)0 + (1, 1)±6 + (1, 1)±2. (3.15)
Again, ZZorb2 removes the even-dimensional representations of SU(2)L, while ZZ
orient
2 only keeps
qR = 0 mod 4, so no states survive the projection. The 10 decomposes into
10→ (1, 3)2 + (3, 1)−2 + (2, 2)0. (3.16)
Now we have to take into account the extra minus sign from the action of Ω(−1)FL on the
ten-dimensional fields. ZZorb2 removes (2, 2)0, while ZZ
orient
2 keeps only those states with qR = 2
mod 4. This leaves (1, 3)2 + (3, 1)−2, of which only (1, 3)2 is chiral primary, with ∆ = 3.
Proceeding similarly for the ∆ = 4 states, one finds the results summarized in Table 9.
(2) Vector modes:
This set of modes is relevant because the corresponding operators couple to the conserved
SU(2)L × SU(2)R ×U(1)R currents of the boundary CFT. The massless vector mode in the 15
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of SO(6) (in Table 3) couples to the ∆ = 3 SU(4)R current in the N = 4 boundary theory. It
decomposes into
15→ (1, 1)0 + (2, 2)2 + (2, 2)−2 + (3, 1)0 + (1, 3)0, (3.17)
and, after the Gorient projection, we end up with three currents (1, 1)0, (1, 3)0, (3, 1)0, none of
which is a chiral primary; they are actually descendants of scalar chiral primaries. Note that
(1, 1)0 + (1, 3)0 have the correct quantum numbers to couple to the SU(2)R × U(1)R currents,
while (3, 1)0 couples to the SU(2)L current.
(b) ZZorb2 twisted sector:
The twisted sector of ZZorb2 gives rise, in the near-horizon limit, to a set of states supported on
AdS5 × S
1, where S1 ⊂ S5 is left fixed by the ZZorb2 action. Gukov and Kapustin [15], using
previous results in Ref. [10], have studied the corresponding sector of the cousin Sp(2N)×Sp(2N)
theory (see Sect. 3.4 below), so we will follow their analysis closely.
Recall that the fixed-point set of ZZorb2 , which in the near-horizon limit looks like AdS5×S
1,
corresponds in the Type IIB description to the classical position of the NS 5-branes in the T-dual
configuration. Accordingly, the resulting supergravity spectrum is obtained by the KK reduction
on AdS5×S
1 of the six-dimensional (2, 0) tensor multiplet, the low-energy world-volume theory
of a single NS 5-brane. In addition, one has to project the resulting states by ZZorient2 .
Let us briefly review, following the analysis in [6], how this comes about. Start with Type
IIB string theory on the orbifold C26789/ZZ
orb
2
2. The massless untwisted sector contains the
(2, 0) gravity multiplet and two tensor multiplets. There is in addition a third tensor multiplet
supported on the six-dimensional hyperplane fixed by the orbifold action. The orbifold breaks the
ten-dimensional transverse Lorentz group SO(8) to [SU(2)×SU(2)]little group×SU(2)L×SU(2)R,
where [SU(2)×SU(2)]little group is the little group in six dimensions and SU(2)L×SU(2)R ≃ SO(4)
is the rotation group inC26789. In terms of these groups, the tensor multiplet in the twisted sector
contains the (bosonic) fields listed in Table 8.
2D3-branes probing this background give rise to a finite N = 2 SU(N) × SU(N) theory [7, 8], whose dual
supergravity description has been studied in Ref. [9, 10]. The IIB configuration itself is T-dual to the M-theory
construction described in Ref. [18].
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Sector [SU(2)× SU(2)]little group SU(2)L × SU(2)R 10d origin
NS-NS (1,1) (1,1) NS-NS 2-form
NS-NS (1,1) (1,3) graviton
R-R (3,1) (1,1) 4-form
R-R (1,1) (1,1) R-R 2-form
Table 8: (2, 0) tensor multiplet
Now orientifold the above IIB setup by Ω only to obtain Type I on C26789/ZZ
orb
2 . The resulting
Type I configuration contains an O9-plane, D9-branes (to cancel the O9 charge), and a six-
dimensional plane where the Ω projection of the original IIB twisted sector propagates. This six-
dimensional theory has (1, 0) supersymmetry, which corresponds to N = 2 in four dimensions.
If we now add probe D5-branes without breaking any further supersymmetry, the resulting
configuration is related by double T-duality along both x4 and x5 to the IIB configurations,
leading to SU(N) + 2 + 4 and Sp(2N)× Sp(2N).
There are two inequivalent ways to perform the Ω projection in the above setup. In the
first one, leading to theories with vector structure, Ω acts with an additional minus sign on the
twisted sector of ZZorb2 . The Ω projection breaks the (2, 0) tensor multiplet into a (1, 0) tensor
multiplet and a (1, 0) hypermultiplet, and projects out the hypermultiplet. The remaining (1, 0)
tensor multiplet corresponds to the twisted sector of the Sp(2N)× Sp(2N) theory in the double
T-dual IIB configuration. In the second possibility Ω acts without the extra minus sign (and
thus projects out the (1, 0) tensor multiplet, keeping the hypermultiplet), leading to a model
without vector structure which is T-dual to the SU(N) + 2 + 4 theory.
Going back to our IIB setup, we need only perform the KK reduction of the (2, 0) tensor
multiplet on S1 and then project by ZZorient2 . The reduction on S
1 gives an additional U(1)R
symmetry (coming from rotations of the circle), with a state of KK momentum ℓ ∈ ZZ carrying
U(1)R charge qR = 2ℓ [10, 15]. Reducing the (2, 0) tensor multiplet in Table 8 on S
1, we obtain
the following states [10, 15]:
(1) Scalar modes:
The triplet of scalars (1, 1; 1, 3) of [SU(2) × SU(2)]little group × SU(2)L × SU(2)R gives rise to a
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tower of SU(2)R triplets (1, 3)2ℓ, where ℓ ≥ 0, with masses m
2 = ℓ2 − 4, coupling to chiral
operators with ∆ = ℓ + 2 and R = 2ℓ in the CFT. (States with ℓ < 0 couple to antichiral
operators on the boundary.) ZZorient2 acts as e
iπqR/2 = eiπℓ, so only states with ℓ = 0 mod 2 or
qR = 0 mod 4 survive the ZZ
orient
2 projection, leaving a tower of states
∆ = 2 (1, 3)0, m
2 = −4,
4 (1, 3)4, m
2 = 0,
... (3.18)
These obey the constraint (3.6) and so correspond to chiral primary operators.
The pair of scalars (1, 1; 1, 1) and (1, 1; 1, 1) coming from the ten-dimensional 2-forms give
rise to two families of KK states with quantum numbers (1, 1)2ℓ:
(i) m2 = ℓ2 − 4ℓ , ∆ = ℓ , qR = 2ℓ, ℓ ≥ 2,
(ii) m2 = ℓ2 + 4ℓ, , ∆ = ℓ+ 4 , qR = 2ℓ, ℓ ≥ 0.
All the states in family (i) satisfy the constraint (3.6) and are thus potentially chiral primaries,
while none of the states in family (ii) satisfy the constraint. Including the extra minus sign
coming from Ω(−1)FL , ZZorient2 acts on the states in family (i) as e
iπ(qR/2+1) = eiπ(ℓ+1), so the
projection keeps only those states with qR = 2 mod 4 or ℓ = 1 mod 2, leaving the tower of states
∆ = 3 (1, 1)6, m
2 = −3,
5 (1, 1)10, m
2 = 5.
... (3.19)
(2) Vector modes:
By naive dimensional reduction on S1 we would expect to obtain a vector state from the 2-form
(3, 1; 1, 1). This is indeed the case [15], but only for zero KK momentum (ℓ = 0). The resulting
state is a massless vector with quantum numbers (1, 1)0 under SU(2)L×SU(2)R×U(1)R, which
survives the ZZorient2 projection. This massless vector state couples to a ∆ = 3 conserved current
on the boundary, which we can identify with the U˜(1)L current that was missing from the bulk
sector.
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(c) D7-brane sector:
The AdS compactifications of Type IIB string theory T-dual to Type IIA O6−–O6− con-
figurations include, as described above, 8 D7-branes with world-volume AdS5 × S
3, where
S3 ⊂ S5/Gorient. The low-energy excitations on these 7-branes comprise a 7 + 1 dimensional
N = 1 vector multiplet with a gauge group G7 ⊂ U(8) that depends on the details of Gorient. As
explained in Ref. [14], the supergravity spectrum includes the KK modes of this vector multi-
plet on AdS5 × S
3, which are dual to primary operators of the CFT charged under the global3
symmetry group G7.
The 7-brane spectrum for the Sp(2N) + + 4 theory (which has G7 = SO(8)) has been
computed in Ref. [14], and for the Sp(2N)× Sp(2N) theory (which has G7 = SO(4)× SO(4)) in
Ref. [15]. In the latter case, as in the SU(N) + 2 + 4 theory that we are now considering
(which has G7 = U(4)), the spectrum is the ZZ
orb
2 projection of the G7 = SO(8) case, which itself
is the ZZorient2 projection of the G7 = U(8) case (corresponding to 8 7-branes in a flat background).
This comes about as follows. Start with a collection of 8 D7-branes in IR1,9. As explained above,
the 77 open string sector gives rise to a 7+1 dimensional N = 1 SYM theory with gauge group
G7 = U(8). Now add an orientifold 7-plane parallel to the 7-branes, which induces a ZZ
orient
2
projection on the 7-brane worldvolume theory that is best described in terms of the action of
the corresponding projection matrix γΩ′7 on the Chan-Paton factors of the 77 strings. Gimon
and Polchinski [5] have found (in the T-dual Type I setup)
γΩ′7 = 118, (3.20)
which enforces the projection U(8)→ SO(8) (see, for example, [37]). To see this in more detail,
let M be a hermitian 8× 8 Chan-Paton matrix. ZZorient2 enforces the projection
M = −γTΩ′7M
Tγ−1Ω′7 = −M
T , (3.21)
from which it follows that M is an antisymmetric 8× 8 matrix which can be parametrized as
M =
 a1 b
−b
T
a2
 , (3.22)
3From the point of view of the boundary field theory, the gauge group on the 7-branes corresponds to the
global flavor symmetry group of the hypermultiplets in the fundamental representation of the gauge group on the
D3-branes.
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where a1,a2 are 4×4 antisymmetric matrices and b is a 4×4 matrix, giving a total of 6+6+16 =
28 independent real coefficients, as appropriate for SO(8).
Next consider the ZZorb2 projection. There are two different ways of performing this projec-
tion [5], one breaking SO(8)→ SO(4)×SO(4) (and thus corresponding to the Sp(2N)×Sp(2N)
theory), the other breaking SO(8) → U(4) (and giving SU(N) + 2 + 4 ). There are corre-
spondingly two different projection matrices,
γSp×Spθ7 =
(
114 0
0 −114
)
, and γSUθ7 =
(
0 i114
−i114 0
)
. (3.23)
In the present case the appropriate matrix is the second one, which enforces on M (3.22)
the projection
M = γSUθ7 M (γ
SU
θ7 )
−1 ⇒ M =MU(4) =
 a s
−s a
 , (3.24)
where a is a 4 × 4 antisymmetric matrix, and s is a 4 × 4 symmetric matrix, giving a total of
6+10 = 16 real coefficients, as appropriate for U(4) ∼ SU(4)F ×U(1)B , the correct flavor group
for 4 hypermultiplets in the fundamental representation of SU(N) (with N ≥ 3).
Under the branching SO(8) → SU(4)F × U(1)B the adjoint representation of SO(8) decom-
poses as follows
28→ 10 + 150 + 62 + 6−2, (3.25)
where 10 + 150 is the adjoint of SU(4)F ×U(1)B . In terms of M (3.22) in the 28 of SO(8), this
comes about as follows. Let M =MU(4)+ M˜ , which defines M˜ as a 8× 8 matrix in the 62⊕ 6−2
of SU(4)F ×U(1)B . Then
M˜ =
 a˜ ab
−aTb −a˜
 , with ab = b− s,and
a˜ = (a1 − a2)/2,
(3.26)
from which it is easy to see that
[
γSUθ7 ,MU(4)
]
= 0 and
{
γSUθ7 , M˜
}
= 0.
To work out the D7-brane excitations we start with the d = 8, N = 1 vector multiplet in the
adjoint of SO(8), containing a vector A, a complex scalar z, and fermions. The field z is in the
23
(1, 1)2 of SU(2)L×SU(2)R×U(1)R, where U(1)R, the rotation group of the two-dimensional space
transverse to the 7-branes, is the R-symmetry group in d = 8, and SU(2)L× SU(2)R ≃ SO(4) is
the isometry group of S3. Now reduce this multiplet on AdS5 × S
3, to obtain [14] a KK tower
of d = 5 vector multiplets. The scalar z gives rise to a tower of scalar modes in representations
(k, k)2 of SU(2)L × SU(2)R × U(1)R for k = 1, 2, 3, . . .. The d = 8 vector field A decomposes
into AdS5 vectors with SU(2)L × SU(2)R × U(1)R quantum numbers (k, k)0, and two families
of real scalar fields (k, k + 2)0 ⊕ (k + 2, k)0. All these states are in the adjoint representation
(28) of SO(8). As explained in Ref. [14], they are all in short multiplets of the superconformal
algebra, with their masses uniquely determined in terms of their SU(2)R×U(1)R representations.
The lowest component of each such short multiplet, which is a real scalar field (k, k + 2)0 with
∆ = k + 1, is automatically a chiral primary state of the boundary CFT.
The other components of a given short multiplet (which are protected, even though they
are not chiral primaries), arise by acting with supercharges on the lowest component. The first
three such multiplets (containing chiral primaries with ∆ ≤ 4) are summarized in the following
table:
k 1 2 3 · · ·
∆
2
(1,3)scalar
0
m2=−4
3
(1,1)scalar
2
⊕(1,1)vector
0
m2=−3 m2=0
(2,4)scalar
0
m2=−3
4
(2,2)scalar
2
⊕(2,2)vector
0
m2=0 m2=3
(3,5)scalar
0
m2=0
5
(3,3)scalar
2
⊕(3,3)vector
0
m2=5 m2=8
6
(3,1)scalar
0
m2=15
...
Boxed states are chiral primaries. The massless vector (1, 1)0 in the k = 1
family couples to the SO(8) current of the boundary CFT.
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We now have to project by ZZorb2 , which acts on the above states according to their SU(2)L
representation (such that odd-dimensional representation are even, while even-dimensional rep-
resentation are odd) and also as a conjugation by γSUθ7 . As explained above, this breaks
SO(8) → U(4) ≃ SU(4)F × U(1)B and 28 → 10 + 150 + 62 + 6−2. The states in the 10 + 150
representation are even under conjugation by γSUθ7 (their Chan-Paton matrix MU(4) commutes
with γSUθ7 ), while the states in representations 62 + 6−2 are odd. Thus ZZ
orb
2 keeps states in
odd-dimensional representations 1, 3, 5, . . . of SU(2)L that transform in the adjoint 10 + 150 of
SU(4)F×U(1)B , and states in even-dimensional representations 2, 4, · · · of SU(2)L that transform
in the 62 + 6−2 of SU(4)F ×U(1)B .
∆ Sector SU(4)R (dL, dR)qR SU(4)F ×U(1)B m
2 CFT operator
2 bulk 20′ (1, 1)4 −4 trΦ
2
2 bulk 20′ (3, 3)0 −4 A˜(iAj)
2 twisted (1, 3)0 −4 A˜[iAj]
2 D7 (1, 3)0 10 ⊕ 150 −4 Q˜
IQJ
3 bulk 10 (1, 3)2 −3 trλλ
3 twisted (1, 1)6 −3 trΦ
3
3 D7 (2, 4)0 62 ⊕ 6−2 −3 Q[IA˜iQJ ] ⊕ Q˜
[IAiQ˜
J ]
4 bulk 105 (1, 1)8 0 trΦ
4
4 bulk 105 (3, 3)4 0 A˜(iΦ
2Aj)
4 bulk 105 (5, 5)0 0 A˜(iAjA˜kAl)
4 twisted (1, 3)4 0 A˜[iΦ
2Aj]
4 D7 (3, 5)0 10 ⊕ 150 0 Q˜
IA(iA˜j)QJ
Table 9: Scalars with ∆ ≤ 4 in chiral primary representations of SU(N) w/ 2 ⊕ 4 .
dR, dL denote the dimensions of the SU(2)R, SU(2)L representations; qR is the U(1)R charge;
i, j are SU(2)L indices, and I, J are SU(4)F indices.
The chiral primaries operators with ∆ ≤ 4 from all the sectors are compiled in Table 9;
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anti-chiral primary operators are also present in the spectrum (and protected), and are complex
conjugates of the chiral primaries. The last column of Table 9 lists the CFT operator that
correspond to each supergravity state.4 (As before, the highest component of each SU(2)R
representation is listed.) The perturbative field theory description of the worldvolume SU(N)+
2 + 4 theory includes an N = 2 vector multiplet in the adjoint representation and two
antisymmetric and four fundamental N = 2 hypermultiplets. As described in the previous
section, each of these N = 2 multiplets consists of several SU(2)R representations, with definite
scaling dimension ∆. Those that comprise the chiral primary operators in Table 9 are listed in
Table 10 below.
∆ SU(N) SU(2)L × SU(2)R ×U(1)R U˜(1)L SU(4)F ×U(1)B CFT field
3
2 adjoint (1, 2)1 0 10 λ
1 adjoint (1, 1)2 0 10 Φ
1 (2, 2)0 1 10 Ai
1 (1, 2)0 0 41 QI
Table 10 : SU(2)R multiplets in perturbative SU(N) w/ 2 ⊕ 4 ,
Before examining the table of chiral primaries further, let us consider how the flavor symme-
try group SU(4)F×U(1)B×SU(2)L×U˜(1)L acts on the hypermultiplet fields. The SU(4)F×U(1)B
factor affects only the fundamental hypermultiplets QI (and Q˜
I in the complex conjugate rep-
resentation), I = 1, . . . , 4, with SU(4)F rotating the I index, so that QI (Q˜
I) transforms in the
4 (4¯), and with U(1)B acting as
QI → e
iαQI , Q˜
J → e−iαQ˜J , (3.27)
The SU(2)L × U˜(1)L factor acts only on the two antisymmetric hypermultiplets, each of which
comprises a pair of N = 1 chiral superfields in the antisymmetric and the complex conjugate
4 The identification of the operator corresponding to the (1, 3)4 state is not completely unambiguous, as tr
λλΦ has the same quantum numbers.
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antisymmetric representations respectively, which in obvious notation are
{A1, A˜
1} , {A2, A˜
2} (3.28)
Now (A1, A2) form a U(2)L ∼ SU(2)L×U˜(1)L doublet, whereas (A1, (A˜
1)†) and (A2, (A˜
2)†) form
SU(2)R doublets. U(2)L is a flavor symmetry for the 2 antisymmetric hypermultiplets, as can
be seen from the piece of the tree-level superpotential
W = tr (A˜1ΦA1 + A˜
2ΦA2), (3.29)
involving the antisymmetric hypermultiplets. (As we are considering the semiclassical limit of
the N = 2 theory, we need not worry about the fate of the superpotential in the strong-coupling
regime.) SU(2)L arises as a geometric symmetry in the AdS picture, while U˜(1)L corresponds
to the abelian massless vector we found in the twisted sector of the ZZorb2 .
We can give tree-level mass terms to the 2 antisymmetric hypermultiplets as follows:
m1A˜
1A1 + m2A˜
2A2 (3.30)
If m1 6= m2, U(2)L is broken to U(1)L × U˜(1)L, where each of the U(1)’s acts as follows
U(1)L U˜(1)L
A1 → eiαA1 A˜1 → e−iαA˜1 A1 → eiβA1 A˜1 → e−iβA˜1
A2 → e
−iαA2 A˜
2 → eiαA˜2 A2 → e
iβA2 A˜
2 → e−iβA˜2
(3.31)
If m1 = m2, the full U(2)L is restored. To see this, define m = (m1−m2)/2 (known as the global
mass in the M-theory description [18, 19, 22]) and µ = (m1 +m2)/2 so that (3.30) becomes
m (A˜1A1 − A˜
2A2) + µ (A˜
1A1 + A˜
2A2) (3.32)
= m (A˜2A1 + A˜1A2) + µ (A˜2A1 − A˜1A2), (3.33)
where in the last line, we have lowered the SU(2)L indices with the ǫ tensor.
Returning to Table 9, we find two relevant and one marginal deformations corresponding to
the Coulomb branch moduli (the Casimirs tr Φn, with n ≤ 4), and a relevant ∆ = 3 deformation
corresponding to the gaugino condensate. We also find three relevant ∆ = 2 deformations
containing the mass operators of the two antisymmetric hypermultiplets and the mass operator
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of the fundamental hypermultiplets. Comparing eq. (3.33) with Table 9, we observe that the
(3, 3)0 operator arising from the bulk supergravity sector corresponds to a deformation of the
global mass m, whereas the (1, 3)0 operator arising from the twisted sector corresponds to a
deformation of the average mass µ of the antisymmetric hypermultiplets. From field theory
considerations, we should expect to find at least two marginal deformations with zero R-charge
corresponding to the change of the gauge coupling and theta angle. Actually, these deformations
correspond to a CFT complex scalar operator tr (F 2 + iF ∗ F ), which is a descendant (hence
not a chiral primary) of tr Φ2. On the supergravity side, this state is a singlet of SU(4)R with
∆ = 4 and m2 = 0, which survives the Gorient projection but is not a chiral primary.
Finally, Table 11 contains a summary of the massless vector states we have found, which
couple to the ∆ = 3 (conserved) currents of the full global symmetry group. Notice that a (1, 1)0
massless vector state in the adjoint of SU(4)F ×U(1)B in the D7-brane sector survives the ZZ
orb
2
projection, and couples to the SU(4)F ×U(1)B flavor current of the boundary CFT.
∆ Sector SU(4)R (dL, dR)qR SU(4)F ×U(1)B m
2 CFT current
3 bulk 15 (1, 3)0 0 SU(2)R
3 bulk 15 (1, 1)0 0 U(1)R
3 bulk 15 (3, 1)0 0 SU(2)L
3 twisted (1, 1)0 0 U˜(1)L
3 D7 (1, 1)0 10 ⊕ 150 0 SU(4)F ×U(1)B
Table 11: Massless vector states for SU(N) w/ 2 ⊕ 4 .
3.4 Sp(2N)× Sp(2N) + 1 bifundamental + 4 fundamental hypermultiplets
The analysis of the Sp(2N)1 × Sp(2N)2 theory with hypermultiplet content ( 1, 2)⊕ 2 1 ⊕
2 2 proceeds in parallel with the SU(N) + 2 + 4 theory, as they both share the same IIB
background (with a few differences, discussed in the previous section, that serve to distinguish
the two). Gukov and Kapustin [15] have analyzed this theory in detail, so we will just review
their results and make a few remarks to complete and clarify them.
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The orientifold group and metric are the same as in Sect. 3.3 (see Eqs. (3.9) and (3.10)).
As before, ZZorb2 fixes a six-dimensional hyperplane, while ZZ
orient
2 fixes an eight-dimensional
hyperplane. The fixed-point set becomes S1 ∪ S3 ⊂ S5 in the near-horizon limit. The global
symmetry group, however, is different
SU(2)R ×U(1)R × SU(2)L × SO(4) × SO(4), (3.34)
and reflects the differences between the two cases. The SO(4) × SO(4) factor, which emerges
in the brane configuration as the gauge group on the D7-branes, is the flavor symmetry of the
fundamental hypermultiplets, two for each Sp(2N) factor (the enhancement from SU(2) to SO(4)
for self-conjugate representations was described in Sect. 3.2). The SU(2)L factor is the flavor
symmetry of the bifundamental hypermultiplet, as explained below. Note that the geometric
part of the global symmetry, namely, SU(2)L × SU(2)R × U(1)R, is the same in both cases, a
natural result given that both theories have the same geometric description5.
As in the previous section, the supergravity spectrum consists of three sectors:
(a) Bulk sector:
This sector consists of AdS5 × S
5 supergravity states invariant under ZZorb2 × ZZ
orient
2 , and is
identical to that in the SU(N) + 2 + 4 theory, although the field theory interpretation of
the resulting states obviously differs (see Table 12).
(b) ZZorb2 twisted sector:
The ZZorb2 twisted sector, supported on AdS5 × S
1, consists of the KK reduction on S1 of the
six-dimensional (2, 0) tensor multiplet, modded out by ZZorient2 . This is identical to the previous
section, except that ZZorient2 acts on this sector with an additional minus sign.
(1) Scalar modes:
Recall that the triplet of scalars (1, 1; 1, 3) gave rise upon KK reduction on S1 to a tower of
SU(2)R triplets (1, 3)2ℓ, ℓ ≥ 0, with m
2 = ℓ2 − 4. Taking into account the extra minus sign, Ω′
5In Ref. [15], only the Cartan subgroup U(1)L ⊂ SU(2)L is considered, even though their tables contain all
the states needed to form SU(2)L multiplets. We will explicitly use the full SU(2)L symmetry below, as this
emphasizes the similarity with the SU(N) + 2 + 4 case.
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now acts as eiπ(qR/2+1) = eiπ(ℓ+1), leaving only states with qR = 2 mod 4 or ℓ = 1 mod 2:
∆ = 3 (1, 3)2, m
2 = −3,
∆ = 5 (1, 3)6, m
2 = 5,
... (3.35)
The scalars (1, 1; 1, 1) gave rise to states (1, 1)2ℓ, ℓ ≥ 2, with m
2 = ℓ2 − 4ℓ, which satisfy the
constraint (3.6). Ω′ acts on these states as eiπqR/2 = eiπℓ, which includes the extra minus sign
coming from Ω(−1)FL . Only states with qR = 0 mod 4, or ℓ = 0 mod 2, survive:
∆ = 2 (1, 1)4, m
2 = −4,
4 (1, 1)8, m
2 = 0,
... (3.36)
We include these states in Table 12 below.
(2) Vector modes:
The reduction on S1 of the six-dimensional tensor field yields a massless vector state with
SU(2)L × SU(2)R × U(1)R quantum numbers (1, 1)0. This state, however, is projected out by
Ω′, consistent with the fact that there is no global symmetry current other than the SU(2)L ×
SU(2)R × U(1)R currents from the bulk and the SO(4) × SO(4) currents from the D7-brane
sector.
(c) D7-brane sector:
The D7-brane sector consists of the world-volume theory of 8 D7-branes with topology AdS5×S
3,
modded out by ZZorb2 . The ZZ
orb
2 projection differs from that in the SU(N) + 2 + 4 case, the
corresponding projection matrix being – see Eq. (3.23):
γSp×Spθ7 =
(
114 0
0 −114
)
, (3.37)
which breaks the SO(8) gauge group on the D7-branes to SO(4) × SO(4). Accordingly, the
adjoint of SO(8) decomposes as 28 → (6, 1) ⊕ (1, 6) ⊕ (4, 4), where (6, 1) ⊕ (1, 6) is the adjoint
representation of SO(4) × SO(4). In analogy with the SU(N) + 2 case, D7-brane excitations
30
that are in odd representations of SU(2)L transform in the (6, 1) ⊕ (1, 6) of the flavor group,
while excitations in even representations of SU(2)L transform in the (4, 4) of the flavor group.
These results are summarized in Table 12.
∆ Sector SU(4)R (dL, dR)qR SO(4)× SO(4) m
2 CFT operator
2 bulk 20′ (1, 1)4 −4 tr Φ1
2 + trΦ2
2
2 bulk 20′ (3, 3)0 −4 tr [B(iJ1Bj)J2]
2 twisted (1, 1)4 −4 tr Φ1
2 − tr Φ2
2
2 D7 (1, 3)0 (6, 1) ⊕ (1, 6) −4 Q
[I
1 J1Q
K]
1 ⊕Q
[I
2 J2Q
K]
2
3 bulk 10 (1, 3)2 −3 trλ1
2 + tr λ2
2
3 twisted (1, 3)2 −3 trλ1
2 − trλ2
2
3 D7 (2, 4)0 (4, 4) −3 Q
I
1J1BiJ2Q
K
2
4 bulk 105 (1, 1)8 0 tr Φ1
4 + trΦ2
4
4 bulk 105 (3, 3)4 0 tr [B(iJ1Φ1
2J2Bj)]± tr[B(iJ1Φ2
2J2Bj)]
4 bulk 105 (5, 5)0 0 tr [J1B(iJ2BjJ1BkJ2Bl)]
4 twisted (1, 1)8 0 tr Φ1
4 − tr Φ2
4
4 D7 (3, 5)0 (6, 1) ⊕ (1, 6) 0 Q
[I
1 J1B(iJ2Bj)J1Q
K]
1 ⊕Q
[I
2 J2B(iJ1Bj)J2Q
K]
2
Table 12: Scalars with ∆ ≤ 4 in chiral primary representations of
Sp(2N)1 × Sp(2N)2w/ ( 1, 2)⊕ 2 1 ⊕ 2 2 [15].
The last column of Table 12 lists the CFT operators that correspond to the supergravity
states. The operators are written as products of fields in the perturbative Sp(2N) × Sp(2N)
worldvolume theory, listed in Table 13. (It is difficult to specify the CFT operators unam-
biguously without explicitly writing all the gauge theory indices; instead, we adopt a slightly
schematic notation, in which J1 and J2 denote the invariant antisymmetric tensor of Sp(2N),
acting on the indices of the first and second factor of the gauge group respectively.)
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∆ Sp(2N)× Sp(2N) SU(2)L × SU(2)R ×U(1)R SO(4) × SO(4) CFT field
3
2 (adjoint,1) (1, 2)1 (1,1) λ1
3
2 (1, adjoint) (1, 2)1 (1,1) λ2
1 (adjoint,1) (1, 1)2 (1,1) Φ1
1 (1, adjoint) (1, 1)2 (1,1) Φ2
1 ( , ) (2, 2)0 (1,1) Bi
1 ( , 1) (1, 2)0 (4,1) Q
I
1
1 (1, ) (1, 2)0 (1,4) Q
I
2
Table 13 : SU(2)R multiplets in perturbative Sp(2N)1 × Sp(2N)2 w/ ( 1, 2) ⊕ 2 1 ⊕ 2 2
The SU(2)L factor of the global symmetry corresponds to the flavor symmetry of the bi-
fundamental hypermultiplet. The explanation is similar to that in the Sp(2N) + + 4 case.
The bifundamental hypermultiplet contains chiral superfields Ba1
a2 in the ( 1, 2) and B˜
a1
a2
in the ( 1, 2) of Sp(2N)1 × Sp(2N)2. The piece of the N = 2 superpotential involving the
first Sp(2N) factor, say, is
B˜a1a2Φa1
b1Bb1
a2 , (3.38)
where Φa1
b1 is a chiral superfield in the adjoint of Sp(2N)1. We can define two chiral superfields
B1 a1a2 ≡ Ja2b2Ba1
b2 and B2 a1a2 ≡ Ja1b1B˜
b1
a2 , both transforming as ( 1, 2). In terms of these
new fields the superpotential reads
Ja2b2B2 a1a2Φ̂
a1b1B1 b1b2 , (3.39)
where Φ̂a1b1 = Jc1a1Φc1
b1 is symmetric in a1, b1. Since eq. (3.39) is odd under exchange 1 ↔ 2,
the superpotential actually possesses an SU(2)L flavor symmetry acting on the doublet Bi =
(B1, B2). A bare mass m (≡ global mass) for the bifundamental hypermultiplet mB
2 breaks
SU(2)L → U(1)L.
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3.5 SU(N) + 1 antisymmetric + 1 symmetric hypermultiplet
We now move on to the models coming from the Type IIA O6+–O6− configuration. As in the
O6−–O6− case, we obtain two theories with almost the same IIB description, namely SU(N)
with symmetric and antisymmetric hypermultiplets, and Sp(2N) × SO(2N + 2) with a bifun-
damental hypermultiplet. In the near-horizon supergravity description, both theories share the
same bulk sector, and are only distinguished by the twisted sector of the ZZorb2 orbifold T-dual
to the NS 5-branes. From Sect. 2.2, we recall that the orientifold group is
Gorient = ZZ
orb
2 + ZZ
orb
2 αΩ
′, (3.40)
where, as in previous cases, Ω′ = R45 Ω (−1)
FL , and ZZorb2 = {11, α
2}, with α2 = R6789. Gorient is
actually a ZZ4 group with elements {11, αΩ
′, α2, α3Ω′}. Although (3.40) is superficially analogous
to the orientifold group of the O6−–O6− models, the relevant fixed-point set of the Gorient
action reduces in this case to the six-dimensional hyperplane x6 = x7 = x8 = x9 = 0 left
fixed by ZZorb2 , as the orientifold factor αΩ
′ only fixes the origin of the space transverse to the
D3-branes, x4 = x5 = x6 = x7 = x8 = x9 = 0, which does not give any contribution in the
near-horizon limit. This is as expected, however, as we know that the T-dual of the O6+–O6−
configuration contains no D7-branes, which would be present had there been non-trivial fixed
points associated with the Ω′ action.
In the near-horizon limit the space-time geometry is AdS5 × S
5/Gorient, with the following
metric for the compact space
dΩ˜5
2 = dθ1
2 + cos2 θ1
(
dθ2
2 + cos2 θ2 dφ1
2 + sin2 θ2 dφ2
2
)
+ sin2 θ1 dφ3
2,
θ1,2 ∼ θ1,2 +
π
2
, φ1 ∼ φ1 +
π
2
, φ2 ∼ φ2 −
π
2
, φ3 ∼ φ3 + π. (3.41)
The isometry group of the above metric is a quotient of U(1)L × SU(2)R × U(1)R, where
U(1)L ⊂ SU(2)L, which we can define as follows. α
2 acts on SU(2)L representations as e
iπJL ,
with JL/2 the spin of the representation (JL = 1 for the 2, JL = 2 for the 3, and so on), so
it projects out even-dimensional representations, thereby breaking SU(2)L → SO(3)L. α acts
on SO(3)L representations according to the weight of each state (or U(1)L ⊂ SO(3)L charge
qL) as e
iπqL/2, where qL = ±2, 0 for the 3, ±4,±2, 0 for the 5, and so on, so that on SO(3)L
representations α acts as ±1. This immediately suggests an alternative way to regard Gorient
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that will prove useful in understanding the twisted sector of the spectrum, namely, to consider
Gorient as ZZ
orb
2 × (Gorient/ZZ
orb
2 ) where the coset Gorient/ZZ
orb
2 ∼ {11, αΩ
′}. In other words, we
mod out in two stages, first by ZZorb2 , and then by αΩ
′. Both approaches give the same result for
the bulk sector, while the second one makes the analysis of the twisted sector straightforward.
Finally, R45 acts on states with U(1)R charge qR as e
iπqR/2. It is important to keep in mind when
performing the projection that Gorient has a single generator αΩ
′ (and will therefore constrain
the allowed values of qL + qR). This differs from the projection in the SU(N) + 2 + 4 or
Sp(2N)× Sp(2N) cases, in which the orbifold and orientifold factors act independently, so that
the SU(2)L representation and U(1)R charges of the states that survive the projection obey
independent constraints.
The supergravity spectrum includes states from two sectors: (a) the bulk sector, consisting of
AdS5×S
5 supergravity states invariant under Gorient, and (b) the ZZ
orb
2 twisted sector, containing
states twisted with respect to α2, and modded further by αΩ′.
(a) Bulk sector:
The strategy to follow is essentially the same as in the SU(N) + 2 + 4 case, but with a few
differences that we will illustrate with two examples.
(1) Scalar modes:
Consider first the supergravity mode with m2 = −4 in the 20′ of SU(4)R, which couples to a
∆ = 2 operator on the boundary. Under the branching SO(6)→ SU(2)L×SU(2)R×U(1)R, this
representation decomposes as (see Table 5)
20′ → (3, 3)0 + (2, 2)2 + (2, 2)−2 + (1, 1)4 + (1, 1)−4 + (1, 1)0. (3.42)
ZZ
orb
2 projects out all the states in even-dimensional representations of SU(2)L, leaving (3, 3)0 +
(1, 1)4 + (1, 1)−4 + (1, 1)0. We now split the SU(2)L multiplets according to their U(1)L charge
qL, so that, for example, (3, 3)0 → 30
±2 + 30
0, where the superscript denotes qL. We now keep
only those states invariant under αΩ′. Since α acts as eiπqL/2 and the geometric part of Ω′ as
eiπqR/2, the surviving states must satisfy qL + qR = 0 mod 4. This leaves
30
0, 1±4
0, 10
0, (3.43)
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of which only 30
0 and 14
0 obey the constaint (3.6) and so correspond to chiral primary states
of the CFT. (1−4
0 is the complex conjugate of 14
0, and is an anti-chiral primary state.)
There are two modes with m2 = −3, in the 10 and the 50 of SU(4)R, which couple to ∆ = 3
operators on the boundary. The 50 decomposes into
50→ (4, 4)0 + (3, 3)±2 + (2, 2)±4 + (2, 2)0 + (1, 1)±6 + (1, 1)±2 (3.44)
Projecting by α2 removes the even-dimensional representations of SU(2)L, leaving (3, 3)±2 +
(1, 1)±6 + (1, 1)±2. Breaking the resulting SO(3)L to U(1)L, and projecting by αΩ
′ leaves states
with qL + qR = 0 mod 4, namely,
32
±2, 3−2
±2, (3.45)
of which 32
±2 are chiral primaries (while 3−2
±2 are the complex conjugate anti-chiral primaries).
The 10 decomposes into
10→ (1, 3)2 + (3, 1)−2 + (2, 2)0 (3.46)
α2 removes (2, 2)0, while αΩ
′ keeps only those states with qL+qR = 2 mod 4, taking into account
the extra minus sign from the action of Ω(−1)FL on the ten-dimensional fields. This leaves 32
0
and 1−2
0, of which only 32
0 is a chiral primary.
Proceeding in this way, one finds the results summarized in Table 14.
(2) Vector modes:
Start with the massless vector mode in the 15 of SO(6) (see Table 3), which couples to the
∆ = 3 SU(4)R current on the boundary. Given the branching
15→ (1, 1)0 + (2, 2)2 + (2, 2)−2 + (3, 1)0 + (1, 3)0, (3.47)
we see that α2 projects out the (2, 2)±2, while the αΩ
′ projection leaves three massless vector
states 10
0, 30
0, 10
0, which couple to the U(1)L × SU(2)R × U(1)R currents of the boundary
CFT.
(b) ZZorb2 twisted sector:
As in the SU(N) + 2 + 4 or Sp(2N)× Sp(2N) cases, we start with the Type IIB theory on
C26789/ZZ
orb
2 . The twisted sector consists of a (2, 0) d = 6 tensor multiplet, which we have to mod
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out by αΩ′. The tensor multiplet is a singlet under SU(2)L (see Table 8), and therefore insensitive
to the action of α, so we only have to project by Ω′, exactly as in the SU(N) + 2 + 4 or
Sp(2N)×Sp(2N) cases. As in those cases, there are two different ways to perform the projection
[20]. The projection giving the Sp(2N)×SO(2N+2) twisted sector (which is the same as that for
Sp(2N)×Sp(2N) ) has an extra minus sign relative to that giving the SU(N)+ + twisted
sector (which is the same as that of SU(N)+2 +4 ). We have come to the conclusion that the
contribution to the supergravity spectrum of the ZZorb2 twisted sector for the SU(N) + +
theory is exactly the same as that of the SU(N)+ 2 +4 theory, which we derived in section
3.3. (The interpretation in terms of field theory operators is of course different.)
∆ Sector SU(4)R (dR) qR
qL m2 CFT operator
2 bulk 20′ 14
0 −4 trΦ2
2 bulk 20′ 30
0 −4 A˜A− S˜S
2 twisted 30
0 −4 A˜A+ S˜S
3 bulk 10 32
0 −3 trλ2
3 bulk 50 32
2 −3 S˜ΦA
3 bulk 50 3−22 −3 A˜ΦS
3 twisted 16
0 −3 trΦ3
bulk 105 50
4 0 (S˜A)2
4 bulk 105 5−40 0 (A˜S)
2
4 bulk 105 50
0 0 (A˜A± S˜S)2
4 bulk 105 34
0 0 A˜Φ2A− S˜Φ2S
4 bulk 105 18
0 0 trΦ4
4 twisted 34
0 0 A˜Φ2A+ S˜Φ2S
Table 14: Scalars with ∆ ≤ 4 in chiral primary representations of SU(N) w/ ⊕ .
The dimension of of the SU(2)R representation is denoted by dR, while qR, qL denote the
U(1)R, U(1)L charges.
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The results are summarized in Table 14. The last column of Table 14 lists the CFT opera-
tors that we conjecture correspond to the supergravity states (see the discussion below). The
operators are written as products of fields in the perturbative SU(N) + + worldvolume
theory, listed in Table 15.
∆ SU(N) SU(2)R ×U(1)R ×U(1)L U˜(1)L CFT field
3
2 adjoint 21
0 0 λ
1 adjoint 12
0 0 Φ
1 20
1 1 A
1 2−10 1 S
Table 15 : SU(2)R multiplets in perturbative SU(N) w/ ⊕
We recall that among the states from the ZZorb2 twisted sector is a massless vector with
quantum numbers 10
0 that couples to a conserved current on the boundary. Let us denote the
corresponding global (abelian) symmetry group by U˜(1)L. We now consider how this U˜(1)L,
together with the U(1) symmetry from the bulk sector, acts on the fields of the theory.
The SU(N) + + theory contains hypermultiplets {A, A˜} , {S, S˜} in the antisymmetric
and symmetric representations of SU(N). The superpotential is
W = tr ( A˜ΦA + S˜ΦS ), (3.48)
which possesses a U(1)A ×U(1)S flavor symmetry acting as follows:
U(1)A U(1)S
A→ eiαA A˜→ e−iαA˜ A→ A A˜→ A˜
S → S S˜ → S˜ S → eiβS S˜ → e−iβS˜
(3.49)
We would like to identify U(1)L and U˜(1)L in terms of U(1)A and U(1)S . We can give masses
mAA˜A + mSS˜S to both hypermultiplets without breaking U(1)A × U(1)S . Defining m =
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(mA −mS)/2 (global mass) and µ = (mA +mS)/2, we rewrite the mass term as
m (A˜A− S˜S) + µ (A˜A+ S˜S). (3.50)
Following the discussion of the SU(N) + 2 + 4 theory, it seems reasonable to identify the
U(1)L and U˜(1)L generators, TL and T˜L, as
TL = TA − TS , T˜L = T˜A + T˜S (3.51)
where TA and TS are the generators of U(1)A and U(1)S . Thus, U(1)L × U˜(1)L acts on the
hypermultiplets as
U(1)L U˜(1)L
A→ eiαA A˜→ e−iαA˜ A→ eiβA A˜→ e−iβA˜
S → e−iαS S˜ → eiαS˜ S → eiβS S˜ → e−iβ S˜
(3.52)
which we include in Table 15.
Further, based on analogy with the SU(N)+2 +4 theory, it seems reasonable to identify
the operator corresponding to deformation of the global mass, A˜A−S˜S, with the 30
0 supergravity
operator in the bulk sector, and the operator corresponding to deformation of the average mass
µ of the hypermultiplets, A˜A + S˜S, with the 30
0 supergravity operator in the twisted sector.
This assignment, however, can only be regarded as conjectural. (Similar remarks hold for some
of the other entries of Table 14.)
3.6 Sp(2N)× SO(2N + 2) + 1 bifundamental hypermultiplet
The analysis of the N = 2 Sp(2N)×SO(2N +2) theory with one bifundamental hypermultiplet
proceeds in parallel with the previous one, as they both share the same IIB background (with a
few differences that we have already discussed which serve to distinguish the two).
The orientifold group and metric are the same as in the previous case (see Eqs. (3.40) and
(3.41)). As before, there is a six-dimensional hyperplane left fixed by the Gorient, which becomes
AdS5 × S
1 in the near-horizon limit.
The supergravity spectrum consists of two sectors:
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(a) Bulk sector:
This sector consists of AdS5×S
5 supergravity states invariant under the orientifold group (3.40),
and is identical to that in the SU(N) + + theory, although the field theory interpretation
of the resulting states obviously differs (see Table 16).
(b) ZZorb2 twisted sector:
The ZZorb2 twisted sector, supported on AdS5 × S
1, consists of the KK reduction on S1 of the
six-dimensional (2, 0) tensor multiplet, modded out by αΩ′.
∆ Sector SU(4)R (dR) qR
qL m2 CFT operator
2 bulk 20′ 14
0 −4 trΦ2Sp ± tr Φ
2
SO
2 bulk 20′ 30
0 −4 B˜B
2 twisted 14
0 −4 trΦ2Sp ∓ tr Φ
2
SO
3 bulk 10 32
0 −3 trλ2Sp ± trλ
2
SO
3 bulk 50 32
2 −3 B(JΦSp)B ±BΦSO(JB)
3 bulk 50 3−22 −3 B˜(JΦSp)B˜ ± B˜ΦSO(JB˜)
3 twisted 32
0 −3 trλ2Sp ∓ trλ
2
SO
4 bulk 105 50
4 0 BJBBJB
4 bulk 105 5−40 0 B˜JB˜B˜JB˜
4 bulk 105 50
0 0 (B˜B)2
4 bulk 105 34
0 0 B˜Φ2SpB ± B˜Φ
2
SOB
4 bulk 105 18
0 0 trΦ4Sp ± tr Φ
4
SO
4 twisted 18
0 0 trΦ4Sp ∓ tr Φ
4
SO
Table 16: Scalars with ∆ ≤ 4 in chiral primary representations of Sp(2N)× SO(2N + 2) w/ ( , )
As α acts trivially on the tensor multiplet, which is an SU(2)L singlet, we need only project
by Ω′. This sector is therefore identical to that in the Sp(2N) × Sp(2N) theory (at least for
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large N). Recall that Ω′ acts on the twisted sector with an additional minus sign relative to the
SU(N) + 2 + 4 or SU(N) + + theories.
The spectrum of scalars with ∆ ≤ 4 in chiral primary representations is summarized in Table
16. The last column of Table 16 lists the CFT operators that correspond to the supergravity
states. The operators are written as products of fields in the perturbative Sp(2N)×SO(2N +2)
worldvolume theory, listed in Table 17. As in the previous section, in many cases there are
several different CFT operators with the correct quantum numbers to match the supergravity
states, and we do not even attempt to resolve the ambiguities.
∆ Sp(2N) × SO(2N + 2) SU(2)R ×U(1)R ×U(1)L CFT field
3
2 (adjoint,1) 21
0 λSp
3
2 (1, adjoint) 21
0 λSO
1 (adjoint,1) 12
0 ΦSp
1 (1, adjoint) 12
0 ΦSO
1 ( , ) 20
1 B
Table 17 : SU(2)R multiplets in perturbative Sp(2N)× SO(2N + 2) w/ ( , ).
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